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The sufficient conditions for the asymptotic stability and instability of the equilibrium position of a holonomic mechanical system
acted upon by the time-dependent forces are determined. Problems of the stabilization of the calculated motion of a gyroscopic
system on a moving base and of the conditions of stability of the equilibrium position of a mechanical system with variable masses
are solved. Some examples are considered. Copyright © 1996 Elsevier Science Ltd.

1. Consider a holonomic mechanical system with time-independent constraints, the position of which
is defined by the general coordinates g € R". The kinetic energy of the system 27 = §’A(g)q, where
the vector ¢ = dg/dt is denoted as a column vector, A(g) is an n X n matrix, posmve definite for all ¢
€ R", so that we have the matrix inequality A(q) = A4 = a¢E, ag = const > 0, and Eisthe 1dent1ty matrix.
Henceforth a prime denotes transposition, [| ¢ || is the normin R and |l g |* = g'g = g% + 5 + ... +
n

We will assume that quasipotential forces 0, gyroscopic forces Q,, and dissipative-accelerating forces
Q5 act on the system, as given by

oIl e e
0 =-g(t,9) (q), 0, =G(t,q.9)q, G'=-G; Qy=-F(t.9.9)q, F'=F

where G and F are n x n matrices, g, IT € C" are scalar non-negative functions, and 9I1/dq = (3I1/9g;,

., 3M1/dq,).

The motion of the system can be described by Lagrange’s equations

d (3T oT oIl ) .
Lyl e e -F
( ) % g 37 +Gg - Fq 1.1

Suppose dIl/dg = 0 when g = 0 and means that the system has zero position of equilibrium ¢ = ¢
= 0. We will consider the problem of investigating the stability § = g = 0 using general theorems of
asymptotic stability and instability for ordinary differential equations from [1].

Solving Egs (1.1) for 4, they can be represented in the form

9

Y ) § S T,
il —‘i={qu}—gA'a—q+A'Gq—A‘Fq (12)

dt

where {¢’Bq} is a set of n forms, quadratic in .

We will assume that all the functions on the right-hand side of Egs (1.2) are continuous, bounded
and satisfy a Lipschitz condition with respect to § and g foreach p > Ointherange {t = 0, |4 || <
< +oo, |l q || = p}. Equations (1.2) are then precompact and regular [1, 2], and the limit equations to
them have the analogous form [1]

9q

N T
=4 q={qu}—g*A'-£+A'G*q—A'F.q (13)

dr
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where g,, G,, F, are the limits to the corresponding values from (1.2), in particular [2]
d . !
g(t,g)=— lim [g(t, +1,q)dt (1.4)
dt 1 —+oo 0
We will assume that, for all # € R, sufficiently small || § || and || q ||, the following relations are satisfied

< [ =const (1.5)

d
O<gysgltg)=sg, “ -af(t,q)

%f— (t,9)A(q)+2g(t,q)F(t.9.9) = ayE, (qay = const > 0) (1.6)

Then, for the derivative of the function V' = (¢’4q¢)/(2g(t, q)) + I1(g) — I1(0), in view of Eqgs (1.1),
for sufficiently small || ¢ || and || ¢ || we have the limit

. a .,a “ra MY N nPi b
v="(a_§+q a—i)(qu)IZgz—(q Fg)lg<-byllgl’ <0

(by = const > 0)

The set {w(g) = by |l ¢ I?=0}= {g = 0}, defined by this limit [1], contains only those solutions of
the limit equations (1.3) (as follows directly from their structure), for which we have the relations

all
40=0. g()=go =const: g.(t.40) 5~ (90) =0

But it follows from the first condition of (1.5) and definition (1.4) that for each p > 0 for almost
all ¢t € [0, p], the function g,(t, g) = gy > 0. Hence, these solutions will be the only solutions for
which

an
q(1)=0. q(t)=q, = const; g(qo)-*ﬂ

or the equilibrium positions of the initial system (1.1).
From the theorems given in [1] we have the following sufficient conditions for the stability of the
equilibrium position of system (1.1).

Theorem 1.1. We will assume that
1. the function I1(g) has a minimum when g = 0;
2. the equilibrium position of system (1.1) ¢ = g = O isisolated, || d[1/dg || > O forge {0 < |Ig )| =
3}
3. the function g(t, q) and the dissipative accelerating forces are such that relations (1.5) and (1.6)
are satisfied.
Then, the equilibrium position (1.1) § = g = 0 is uniformly asymptotically stable.

Theorem 1.2. If instead of conditions 1 and 2 of Theorem 1.1, the following conditions are satisfied:

1”. TI(g) has no minimum when g = 0;

2. in the region {q: 0 < || g || < §, II(g) < I1(0)} there are no equilibrium positions of system (1.1),
then the equilibrium position (1.1) ¢ = g = 0 is unstable.

Note. 1t is obvious that for the case of uniform continuity [1] it can be assumed that conditions (1.5) and (1.6)
of Theorems 1.1 and 1.2 are satisfied when g = g = 0.

The results obtained previously in [3] enable us to investigate the stability of the equilibriumg =g =0
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with respect to the generalized velocities and some of the generalized coordinates (ql, qz, ceey q,,,)

(rm < n) [4]. For this we will use @' =ua,- - + G @ = @ns1sGmsrs - -2 @) 14 W = g1 + 43
o+ NI =k +qhi ¥ ...+ gL h: RY > R is a Hahn-type function [4].

We will assume that the nght-hand s1des of (1. 2) are continuous, bounded and satlsfy the LlpSChltZ
condition with respect to 4 and q' for each > 01 in theregion { = 0,{lgll <, || q l=w0=| q 1
< +o0}. Then, Eqs (1.2) are precompact in ¢ and ' with respect to the arbitrary continuous function
¢ R* S R [3].

Repeating the previous discussion we can derive the following result from Theorem 5 of [3].

Theorem 1.3. We will assume that

1. the function I1(q) — H$0) is positive definite in g*, TI(g) — I1(0) = A(|| ¢* ||), i.e. foralig e Ty =
(g 1< 8,8 >0,0<|1g || < +o};

2. in the region I'y N {gq: TI(q) — TI(0) > 0} system (1.1) has no equilibrium positions and for allq €
Ty N {q: TI(g) - T1(0) = € > 0} the inequality || oT1/ag || = & = &(¢) > O,

3. the function g(t, q) and the dissipative-accelerating forces are such that for allz e R*, {§:||4 || <
&g, 89 > 0} x Iy relations (1.5) and (1.6) are satisfied.

Then, the equilibrium position (1.1) § = ¢ = 0 is uniformly asymptotically stable.

Notes. 1. When g = g(z), g(¢) = 0 conditions (1.5) and (1.6) are satisfied if g(f) < g; and Qi < -by Il ¢ II>,
i.e. Q5 are the forces of complete dissipation. The result on the asymptotic stability § = g = 0 with respect to g
under these conditions was derived previously in [5]. When g = g(f) conditions (1.5) and (1.6) take the form [6]

O<go=g)=<g, g(NA(g)+2g()F(t.q,q)=ayE

It can be shown that if this condition is satisfied for all # € R*, (¢, g) € R%, and also if 3T1/dg # O forallg = 0
and II(g) = +co when || g Jj = +oo, the equilibrium position of the system g = 0 is uniformly asymptotically stable
as a whole.

2. Condition (1.6) may be satisfied in the time interval [o, B] for which dg/dt > 0, if, even in this interval, the
forces Q5 are accelerating forces Q3 > 0. This characteristic can be used when solving problems of the stabilization
of the equilibrium position of a controlled mechanical system for “energy pumping” when ¢ € {a, B].

Example 1.1. Consider a mathematical pendulum with a thread of variable length /(f) undergoing angular
oscillations in a uniform gravitational field with constant acceleration g under the action of a viscous friction torque.
Denoting the angle of deflection of the pendulum from the vertical by ¢, we have the following expressions for
the kinetic energy and generalized forces

2T =m(2 Q% +i2(1)), @ =-mgyl(n)sin@—k(t,0,9)1> (1)

where m is the point mass and k(z, @, ¢) is the coefficient of viscosity.

The equation of the oscillations of the pendulum can be represented simply in the form of Eq. (1.1) of a system
with one degree of freedom. Hence, using Theorem 1.1 we can find the following sufficient conditions for uniform
asymptotic stability of the lower position of equilibrium of the pendulum ¢ = ¢ = 0 (the condition for the pendulum
to be undriven)

O<ly<UO=<l, 3I(n+2k(t,0,0m~I(1)=1y>0

Example 1.2. Consider a symmetrical heavy body with a fixed point, placed in a uniform gravitational field of
variable intensity g = g(7). The centre of gravity of the body lies on the axis of symmetry (the x axis), the mass
of the body is m, the principal moments of inertia 4 and B = C, and the coordinate of the centre of gravity is x
> 0. The position of the body with respect to an inertial system of coordinates with z axis directed vertically upwards
will be defined by the Euler angles 8, ¢,  in the usual way [7]. The coordinates v is cyclic, by ignoring which we
obtain the Routh function [7] R = R, + R, — W with reduced potential energy

W = mg(t)xo (1-TI(8,0)) +c>G(8,¢)/ 2
M(9,0)=1-sinBsing, G(6.¢)= ((Asin2 ¢+ Bcos? q'))sin2 9+ Bcos2 6)”!
where c is the cyclic constant.
We find that 0W/00 = dW/de = 0 when 6 = 1/2, ¢ = /2, so that we have the steady motions y = const, 6 = 0,

6 = /2, 8 = n/2 for which the x axis is directed vertically upwards.
We can derive the following representations
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OW /90 =g(1,6,9)3T1/30, IW /3¢ = g(1,0,9)M /3¢
2(£,6,0) = c*(A - B)sin@sin G2 (8,9) - mg(1)x,
This enables us, using Theorem 1.2, to determine the moments of the dissipative forces of the form My =
—kl_(zt)(-), M, = —ky(£)¢, which stabilize these vertical steady rotations of the body. We obtain the expression 2R, =
B(6* + ¢?) for the function R, when 6 = ¢ = =/2. Then, conditions (1.5) and (1.6) in this problem can be written

in the form
O<ay SCZ(A—- B)-mg(r)Asz =aq

2¢2(A- Bk ()~ A’Bmg()xg =ay (i=1,2) %))
We can conclude from Theorem 1.2 that each steady motion 0=¢=0,0= ¢ = n/2, corresponding to the value

of the cyclic constant ¢ satisfying conditions (1.7), is asymptotically stable with respect to 8, @, 6 and ¢.

Theorems 1.1 and 1.3 on the stability of the equilibrium position can also be extended to the case
of quasipotential forces of the form

Q,(1,q)=-D(t,9)A™ (q)o1(q) / 9q (1.8)

where D(t, q) is a symmetric n x n matrix such that for all t € R* and sufficiently small (g, 4) € {}l ¢ |}
< §, 14 |l < 8, 8 > 0} we have the relations

ad,‘,'(taq)
dyE<D(t,q)<dE (0<dy=<d,) ———é—-— =< d, = const
q
AD"(F—G—aa—D D“'A)+(.F+G—AD" %‘tz) D'A= ayE (1.9)
t

(ay =const > 0)

Under these conditions, by virtue of the equations of motion for the derivative of the function 2V =
qAD"lAq + 2I(q) for sufficiently small || ¢ || and || 4 || we can obtain the limit

V(t,q,9)< byl g I <0 (b, = const)

Hence it can be shown that Theorems 1.1 and 1.3 retain their formulation for the cases of forces Q
of the form (1.8) with conditions (1.5) and (1.6) replaced by condition (1.9).

2. We will consider the problem of determining the control force which makes the calculated motion
of the gyroscopic system on a moving base stable in the formulation used previously [8].

A gyroscopic system is defined as a system constrained by constraints that are holonomic and time-
independent during motion with respect to the base, containing r symmetrical gyroscopes. Its position
relative to the base is specified by n generalized coordinates q,, qy, . . . , g, and r angles of the natural
rotations of the gyroscopes @, ¢,, . . ., ¢,. The base of the gyroscopic system performs a specified motion
with respect to inertial space. Additional holonomic time-dependent constraints ensure constant
velocities of the natural rotations of the gyroscopes ¢ = @y = const.

The equations of motion of the system, converted from Lagrange’s form are [8]

dT, OB
L %2 P2 _ Dg+—4%_"_ 2.1
. Q+Dg+ 3 o (2.1)

where Q = Q(t, q, q) are generalized forces, while the other quantities occurring in the equation are
found from the expression for the kinetic energy of a system in absolute motion

T,=T+T+T, 2T,=qA@)d
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T =B(9,90)9 Ty=Ty(t.4.9,), D= T—— =-D

where A and B are the corresponding n X n matrix and # x 1 column matrix. The generalized forces
are found from the following conditions.
1. The equations of motion (2.1) allow of the theoretical motion

4=49=0 (2.2)

For this it is necessary to assume that for allz = 0

oB 9T
,0,0)=|—-=—2 .
0(,0,0) [at % LO (2.3)

2. The resultant of the generalized forces Q(¢, g, ) is the set of forces of the gyroscopic system Q.
= Q.(t, q, q) and the special correction forces Q) = Qy(r), which give rise to the motion (2.2). Hence

0(1,9.9)=Q.(1,9,9) + G, (1), (2.4)
_|9B_9%| _
Qk(t)—[at % LO Q.(1,0,0)

3. The forces of the strictly gyroscopic system Q. are a set of potential forces with force function
U = U(t, q) and dissipative forces Qy(t, g, q), linear with respect to g

U(t,q)
dq

Q,(t.9.9)§=< -q'F(t.9)4<0

Qc(t’q,li)= +Qd(f,‘l»‘i) (25)

4. The action of the potential forces of the strictly gyroscopic system, the correction forces and the
inertial forces can be represented in the form

-a-g-f-Qk +£‘0—-—i€=—g_a_l__.l.g ar]_o

, =0 =(0 .
% Y 50 g for ¢ (2.6)

where I = IIy(q) is a certain scalar function and g = g(¢, q) is a scalar coefficient, which satisfies the
relations

9
O0<gy=sgt.)=<g, I’g‘z-usgz (27

Propositions 1-3 do not differ from the corresponding propositions in [8]. Proposition 4 is a particularly
special one compared with the corresponding one from [8]. By assuming that conditions (2.3)+2.7)
are satisfied and also requiring that the conditions of Theorem 1.1 must be satisfied, we can determine
the conditions for gyroscopic systems on a moving base to be stable, which differ from those given
previously in [8] by using the Lyapunov function but with a derivative of constant sign and not a derivative
of fixed sign.

We will consider this difference using the following example from [8].

Example 2.1. Consider a Foucault gyroscope with two degrees of freedom of the second kind. The symmetrical
rotor of the gyroscope is placed in gymbals (floating) and has a constant natural angular velocity ¢y relative to it,
and / is the axial moment of the rotor. A right trihedron OEn( having an absolute angular velocity u = (ug, uy, ur)
is connected with the base of the instrument, and the velocity of the origin of coordinates is vy. The gymbals of
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the gyroscope are placed in bearings, the axis of which coincides with {, and the axis of natural rotation of the
gyroscope z is perpendicular to the axis of rotation of the gymbals { (situated in the plane and passing through
the point 0). We will assume that the centre of gravity of the system coincides with the origin of coordinates 0, and
that Oxz{ is a trihedron of the principal axes of inertia of the gymbals. 4 and B are the moments of inertia of the
system with respect to { and z, and the moment of inertia of the gymbals with respect to the third axis x is such
that the moments of inertia of the system with respect to x and z are equal. We will denote by o the angle between
the n axis of the gyroscope, where the positive direction of the angular velocity of the gymbals & coincides with
the positive direction of {. The following moments act with respect to the axis of rotation of the gymbals {: the
moment of the forces of viscous resistance k(& + @) and the correction moment M If(t)-

We will assume that the Foucault gyroscope is placed on an object which, at a given instant, is at latitude ¢ and
moving over the surface of the Earth along a course A with velocity v with respect to the Earth, so that [8]

V COSA
Rcos¢

u§=0, un=Q+ R “C=0’ (nc:%cosl

where R is the Earth’s radius and Q is the angular velocity of the Earth. We will assume that on the basis of
information on the velocity v and the course A a correction moment M’g(t) = kv R'cos A is applied to the gymbals
of the gyroscope.

Then, the equations of motion of the gyroscope admit of a particular solution in which the axis of the gyroscope
z constantly indicates the direction of the world axis [8]. Using Theorem 1.1 we can find that this position will be
uniformly asymptotically stable provided that

Loy sink ko, 2k+ &30 A/cosg) cosg , ko >0 (28)
Rcosgp QRcos¢+v sinh

1940Q

Note that whereas the first inequality imposes a limit on the value of the velocity and direction of motion of the
object, the second imposes a limit on the change in the velocity and the course of the object. Conditions (2.8)
correspond to the actual parameters of a ship and an aircraft.

Comparing conditions (2.8) with the corresponding conditions from [8] we see that the first of the inequalities
of (2.8) is identical with the corresponding condition from [8]. Instead of the second inequality of (2.8} it is required
in [8] that a different relation must be satisfied, namely

k?Rcos@ ’Al(i:,oﬂ
— Bk, 4 10l G i
Y max < Alorg max( Py 29

The second inequality of (2.8) is preferable since it must follow from (2.9) that the permissible velocity of the
object must decrease as the kinetic moment of the rotor increases.

3. The motion of a holonomic mechanical system with variable masses m, = my(t) A = 1,2, ...,
N) with constraints that are independent of time and with » generalized coordinates ¢ = (g1, 9>, - - -,
4.)’, acted upon by quasipotential, gyroscopic and dissipative forces, can be described by the equations

]

0
d_[B_T)_§1=_g§E+Gq_F‘.]+W 3.1
dt q

2T = g'A(m(t),q)q, A’ =A, g=g(t,m(t),q)
N=M(m@t).q), G=G{t.q.4), G =-G

F=F(t,q,¢I), F’= F, \P=‘P(t9q’q)

where W(t, g, q) are generalized reactions due to the motion of separate and connected particles inside
points of the mechanical system, separated or connected to points of these particles, and d%dt is the
derivative for fixed masses.

We will assume that the point masses of the system do not vanish and are bounded 0 < m® < m, ()
s m! (A=1,2,...,N) as a result of which, in general, we have aoF < A(m(t),q) < a,E (0 < gy <
ay); for all values of m, within these limits oI1(m, g)/dg = O wheng = 0 and ¥ = O wheng = q = 0.
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Then system (3.1) has an equilibrium positiong = q = 0.

When the conditions g(t, m, q) > 0, I1(m, q) = 0 are satisfied, we can use the function V' = T/g + II
to investigate the stability of ¢ = g = 0. By virtue of the equation of motion (3.1) this function has the
derivative

oT on ag , 908 ., 08
V= g N ’ Pkl B T
y g(m 3 qFg+¢¥+m’ am) (at m’ 3 = +gq' = 3

By requiring this derivative to be non-positive and by also requiring the corresponding conditions of
the theorems from [1, 3] to be satisfied, we can, as previously, obtain different sufficient conditions for
complete and partial asymptotic stability of the equilibrium position of system (3.1) ¢ = g = 0, for
example, the following theorem.

nnmnzar 21 Wa unill acorrena thaot tha fallauiing annditinng ara gaticfiad fiar gugtoam 21

TL
IMEeoTem 5.1. v Wil asSsSumic lllal. LIV 1uluwilg CONGItIONS are sauisiica o1 dystiviil o.

1. the function I(m, q) is such that II(m, 0) = 0, I1(m, q) = h(l[ g ]I} (or II(m, q) = h)(||q [1); this func-
tion does not increase with respect to m when the point masses of the system change, riz /(dI1/om) < 0;

2. there are no equilibrium positions for small (|| g ||) (or when I1(m, g) > 0); || JII(m, q)/oq || > 5(8)
>0for|lgll=€ >0 (orforallg e {g:TI(m,q) =€ = 0});

3. reactions do not occur when the point masses of the system change;

4. forallt e R*, small || 4 || and small || ¢ | (or small || g'|}) the following relations are satisfied

0<gy=gltmg)=<g,, “ %g—'(t,m,q) “S I = const
q

9 , 0 dA
(af ag)A+2F ga—>a0E ag =const >0

Then the position ¢ = g = 0 of system (3. 1) is uniformly asymptotically stable (respectively, uniformly
asymptotically stable w1th respect to ¢ and g).

In the same way we can investigate the stability of the motions of mechanical systems with variable
masses, to which the Routh-Lyapunov method [10] can be extended.

Example 3.1. Consider the motion of a solid of variable mass m = m(¢) with a fixed point 0, situated in a Newtonian
field of force. We will assume that the outflow and inflow of particles are such that the main axes of inertia of the
body with respect to the fixed point x, y, z are fixed in the body, the sum of the moments of the reactions with
respect to the fixed point is equal to zero, and the centre of inertia of the body remains on the z axis of the body
all the time.

We will assume that the { axis of the system of coordinates O&n{, fixed in space, is directed along the radius
vector 6‘6 where 0* is the centre of attraction. We will denote by 1, v,, ¥3 the direction cosines of the angles of
the axis { in the Oxyz system, A4; are the principal moments of the body with respect to the Ox, Oy and Oz axes, p,
q and r are the projections of the angular velocity of the body on the Ox, Oy and Oz axes, R = | 00* |; g = m/R2,
and z, is the coordinate of the centre of mass of the body with respect to the Oz axis.

We will assume that, in addition to the forces of attraction, forces of viscous friction act on the body, the moment
of which with respect to the point O is M’ = (My, My, M) with the limit

Myp+Myq+Mzr<—(vi()p” +V2(1)g" +V3()r?), V(=0

Assuming that R is sufficiently large compared with the dimensions of the body, we obtain an expression for the
potential energy of the body from the corresponding expression for the constant mass [11]

I =mgz,.¥3 +38Q2R)" (A - A)Y? +(Ay - A3)¥3)-mgz,
With the above assumptions we obtain that the body has the following positions of equilibrium
p=q=r=0, v;=Y,=0, v;3=1 3.2)

for which the Oz axis of the body is directed along OC. Here the function IT is positive definite with respect to y;



388 A. S. Andreyev

and v, in the neighbourhood of the position y; = ¥, = 0, 3= 1 provided that
P1 =38R (A -Ay)-mgz. =e>0

P2 =38R (A - Ay)-mgz. 2€>0

Taking into account the expression for the kinetic energy of the body 2T = Ap* + A,q* + Ay” we have, from
Theorem 3.1 the following conditions for which the positions of the body (3.2) will be uniformly asymptotically
stable

0<€$Ai(‘)$A0, (l)|/p2) =0
Qv;(=-A;(O)py (D) +p (DA (D=Pe >0 (i=1,2,3)

If, instead of the condition p, = € > 0, we have the condition p, < —¢ < 0, then when all the remaining conditions
are satisfied the set of equilibrium positions (3.2), defining the orientation of the Oz axis of the body along 0, is
unstable.

4. We will investigate the problem of the asymptotic stability of the equilibrium positiong =g = 0
of a holonomic mechanical system (1.2) in the case of potential forces Q; = —9II(¢, g)/dg, assuming
that JI1(z, q)/og = O when g = 0.

Suppose p > 0 is a sufficiently small number, defined by the stability domain investigated I'y =
{llgll < u, I g Il < p}. We will determine the functions

1 dll(t,q9)

Mg o hen """gu), B(')=(f)0t(1)dt

o(t) =sup (

and we will assume that the function B(¢) is bounded, | B(¢) | < By for all t € R, while the dissipative
forces are such that for allt € R™, (¢,9) € T,

()A(q)+2F(t,q,9)= ayE, a, =const>0 4.1)
Then, we can obtain the following limit for the derivative of the function V = exp(-B(¢)}(T + IT)
V= exp(-B()(-aT - g'F@)< -Y, | 4| <0 (v, =const>0)

Hence, in the same way as for Theorem 1.1, we have the following sufficient conditions for asymptotic
stability when there are time-dependent potential, gyroscopic and dissipative forces acting on the body.

We will assume that

1. the potential energy is such that for small || g || we have

h(lgh=<Tt.g)< k(g ), |91 /3q )= 8(e)>0

forllgll=¢e>0;

2. relation (4.1) holds.

Then the equilibrium position ¢ = g = 0 of the system is uniformly asymptotically stable.

This result is presented in [12] for the case of a mechanical system with variable masses. Other
conditions of stability with respect to (¢, g) and asymptotic stability with respect to 4 are derived in
[13, 14].

I wish to thank V. V. Rumyantsev for discussing the results.
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